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Dynamic Meteorology

Lecture - 01

[Tuesday, 2022-01-18]

Bhupendra Bahadur Singh

Scientist E
Centre for Climate Change Research
Indian Institute of Tropical Meteorology, Pune

Email ID: bhupendra.cat@tropmet.res.in

Brush up our the concepts of 12t standard mathematics and physics e.g. the
equations, functions, graphs, differentiation, integration concepts and formulae.
It would be handy!

During the live class you are suggested to make your notes (pen/paper) in
parallel.

Course requirements (e.g. Attendance, Theory & Practicals) must be fulfilled.

References:

¢ An Introduction to Dynamic Meteorology [by James Holton]

* Atmospheric Science: An Introductory Survey [by Wallace and Hobbs]
* Meteorology for Scientists and Engineers [by Roland Stull]

* An Introduction to Atmospheric Physics [by David Andrews]
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* Geophysical fluid dynamics (GFD) is the study of the dynamics
of the fluid systems of earth and planets. The principal fluid
systeins we ate interested are the atmosphere and oceans.

Geophysical Fluid Dynamics

s The basis of GED lies in the principles of conservation of
momentum, mass and energy. These are expressed
mathematically in Newton's equations of motion for a
continuous medium, the equation of continuity, and the
thermodynamic energy equation.

» Two main ingredients distinguish the GFD from traditional fluid
mechanics:
» The effects of Rotation and those of Stratification.
» The controlling influence of one, the other, or both leads to
peculiarities exhibited only by geophysical flows.
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Governing laws

» Atmospheric/Oceanic motions are governed by three principals:
*conservation of momentum
*conservation of mass
*conservation of energy

» There are two approaches to describe the motion of a fluid and its
associated properties: Eulerian and Lagrangian.

» These conservation laws can be applied to a control volume of the
atmosphere at a fixed location (Eulerian) or to a control volume of
the atmosphere that is moving with the flow (Lagrangian — refers to
as the ‘material volume’).

» Lagrangian: We deal with the total, substantial or material
derivative.

» Eulerian: We deal with the local or partial derivative.
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Two Ways to Describe Fluid Flow

Fluid motions

B Fulerian: Stay put and watch the low

B Lagrangian: Drift along, see where you

go.
The independent variables are the space and time coordi-
nates, r = (z,y, z) and .

The dependent variables are the velocity, pressure, density
and temperature, V = (v, v.w), p, p and 7.

Further variables are needed for a fuller treatment, e.g.
humidity ¢ in the atmosphere and salinity s in the ocean.

Each variable is a function of both position and time.
For example,

p=plx,vy, z1t)

3
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Fluid motions

B FEulerian: Stay put and watch the How
We denote the change of pressure with time at a fixed point
by the Eulerian (or partial) derivative:
ap .
— r,y and z fixed.
ot

B Lagrangian: Drift along, see where you
go.

We denote the change of pressure with time following the flow
by the Lagrangian (or material or total) derivative:

(]‘U

ar parcel of fluid fixed.
(8
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Fluid motions

Gycr

Connection: Op/dt <= dp/dt

The pressure is a function of both space and time:
p =p(z(t), y(t), z(¥), ).

The total variation, following the flow, is given by the
chain rule:

dp Op Ip dr  Ip dy  JIp d=
dt ot dxr dt |y dt | Iz dt
_Ip ap p dp
R T TR P
ap
=2 +V-Vp.
This is true for all variables, so we have
i) o)
— L v.v().
dt ot

Fluid motions

Conservation of Mass

Air is neither created nor destroyed. Therefore, the total
mass must remain constant. Moreover, the mass of an iden-
tifiable parcel of air must remain unchanged with time.

The mathematical expression of mass conservation is the
Continuity Equation.
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Fluid motions

Eulerian Formulation

Consider a cubic region of di-

mensions Ar = Ay = Az, fixed

in space.
Air flows freely through the
region.

Influx and Outflow

The change of mass of the air
in the cube must equal the net
flux of mass into or out of the

region.

For simplicity, flow
in the »-direction. Let wuy be
the z-component of velocity
at the western face, and up
be the r-component of veloc-
ity at the eastern face.

consider

7
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Fluid motions

Total mass of air in the box (density x volume):
M = p- AxAyAz = pV
Change of mass in time At (volume is fixed):

M
At =
ot Ot

Influx at western face (density x slab volume):
pw(uwA) AyAz = (pu)wAt - AyAz
Outflow at eastern face (density x slab volume):
PE(UEA) AyAz = (pu)pAt - AyAz

Net flow F into the box (influx — outflow) in time Atf:

dp

AM = At-V.

(pu)g — (pu)w
AT
But AM = F, so the quantities in red must be equal:

F = [(pu)w — (pu)g]At - AyAz = At - ArAyAz

dp (pu)g — (pu)w Jd(pu)
ot Az -

dx
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Thus, for flow only in the z-direction we have

Fluid motions

dp d(pu)

ot~ or
However, there is also flow through the front and back faces,
and through the top and bottom of the box.

Symmetry arguments lead us immediately to the result
dp Jd(pu) d(pw
9 _ f/ )4_ i )
dr 0z
This may be written using the divergence operator as
dp
ot

This is the Eulerian form of the continuity equation. It is
one of the fundamental equations of atmospheric dynamics.

Jd(pv)
dy

9
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End of Lecture - 01
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Dynamic Meteorology

Lecture - 02

[Thursday, 2022-01-20]

Bhupendra Bahadur Singh

Scientist E
Centre for Climate Change Research
Indian Institute of Tropical Meteorology, Pune

Email ID: bhupendra.cat@tropmet.res.in

CR Fluid motions

dp dp

—+pV -V =0 — pV =10

dterV Uer\—/p
Lagrangian Form Eulerian Form

We recall the relationship between the time derivatives:

d() _o()
=—+V V().
dt ot ®
We also note the vector identity
V-pV =V .Vp+pV -V.

Substituting in the Lagrangian form, we get:

1 ?)
2+;}V~V = ((_—PJrV'V;)) +pV -V
dt ot
dp
= Tf_'_ (V‘Tf)+f)V'V)
4
ap
= — /- =10
(_)ervpV ).

Thus the equivalence of the two forms is established. QED
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Incompressibility

For an incompressible fluid, the volume of a parcel remains
unchanged. Thus, the material density is constant following
the flow: dp/dt = 0. Thus, the continuity equation reduces
to
V-V=0.

The assumption of incompressibility is a natural one for the
ocean. For the atmosphere, it is less obviously reasonable.
Indeed, many atmospheric phenomena depend on compress-
ibility. However, the essential large scale dynamics can be

2022
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Pressure Force

Consider a cubic box of air, of
dimension Az x Ay x Az = V.

The pressure acts normally
on each face of the cube.

Net force on left-hand face:

plx) - AyAz

Pressure on Box

Net force on right-hand face:
successfully modelled by an incompressible fluid. pla) = ~p(x + Ax) ) .
The benefit of assuming incompressibility is that we get a | —p(x + Azx) - AyAz
closed system without having to consider the thermodynam- Total pressure force in the
ics explicitly. For compressible flow, we would have to have — Ax - T CetiOn:
another equation for p, the thermodynamic equation. But o
this introduces the temperature T, and yet another equa- *[1’(”' + Ax) *i’("")] AV
tion, the equation of state, is required.
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Cocr Forces on an Air Parcel

Total pressure force in x-direction:
) o+ Ax) — plx
*{P(:r + Ax) *M)-)} CAyAz = — (I(A#) -AzAyAz
Ax
But ArAyAz =V, so the force per unit volume is:
plr +Azx) —plx)\ = dp
Ax T or
A parcel of mass m has volume V = m/p, so a unit mass
has volume 1/p. The pressure force per unit mass in the
z-direction is thus )
1ap
pox
Similar arguments apply in the y and 2 directions. So, the
vector force per unit mass due to pressure is
1dp 1dp  1dp 1
F,— _!‘ »i_ _i - _ZVp.
pdr pdy pdz 2

This force acts in the direction of lower pressure.

Y .
E=gcr Forces on an Air Parcel ~

Force of Gravity

Newton’s law of gravity states that two bodics of mass g
and my attract each-other with a force given by
_IT21TT2
=g
fead

where d the distance between them. The constant ¢ is the
universal gravitational constant.

Near the carth’s surfacce, a parccel of air of mass m is at-
tracted towards the earth with a force
G M
5 — mm—s
@=
where A is the mass of the earth and « its radius.

We define the acceleration due Lo gravit, by
AN

g = —=
(!>

The acceleration due Lo gravily can be evaluated as [ollows:
G =6.672x10711  Af = 5.974x10%* | a = 6.375x10° — g = 9.807

(all values are in SI units). So. roughly, g =~ 10m s 2.

The force due to gravity acts vertically downward, towards
the centre of the carth. If k is a unit vector pointing upward,
we may write it:

F

g = —mgk .

2022
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Cocr Forces on an Air Parcel Forces on an Air Parcel

Hyd rOStatiC Bala nce For equilibrium, the net force must be zero:

p(z+ Az) — p(z)

For a fluid at rest, the pressure at a point depends on the ArAYAz +mg =0.
weight of fluid vertically above that point. Az
The pressure difference between two points on the same This may be written
vertical line depends only on the weight of fluid between dp a
— - V+mg=0,
them. dz
p(z + Az) or, dividing through by the volume,
dp
—+pg=0.
Az ~
g |p(z) This is the Hydrostatic balance equation. It implies an exact
balance between the vertical pressure gradient and gravity.
. For an atmosphere at rest, hydrostatic balance holds
Force Upward on Box : + [p(z) - Az Ay 4 I N
Force Downward on Box : — [p(z + Az) - AzAy + mg] exactly.
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€ocr Reference frames CR  Rotating coordinate system

» Newton’s second law can be used to derive an equation that describes
conservation of momentum (one of the basic principles of atmospheric
dynamics), but this law applies to motion in an inertial reference frame.

* Inertial reference frame:

— Reference frame at rest or moving at constant velocity, such as
one fixed in space.

« Non-inertial reference frame » In order to apply this law in a non-inertial reference frame, we either need to
consider apparent forces that arise due to the motion of the non-inertial
reference frame, or we need to relate the acceleration vector in an inertial
reference frame to the acceleration vector in a non-inertial reference frame.

— Reference frame accelerating or rotating, such as an object at
rest on earth or in motion relative to the earth.

* True force Applying this concept to a position vector F

— Force that exists when an observation is made from an inertial (‘i{) :(%} +OxF S V-V +OxF
frame (e.qg., gravitational force, pressure-gradient force, o e @ (v
3 [—] :[—) +20xV+ QR
viscous force) — Does work. at ), "t ),

q q 5 (more details, Holton, Pedlosky)
+ Apparent (virtual or inertial) force

Lo . ) . With Newton's second law of motion, > F, :[d—vj
— Fictitious force that appears to exist when an observation is ‘ dt

. . . v R = =
made from an non-inertial reference frame, but is an [g] +(20xV+0RR) =R
3 3 5 N R !
acceleration from an inertial reference frume (6. g., centrlfugal where the right hand terms represent the summation of real (true) forces, and the \ /
fO!‘CE‘ Coriolis fOI‘CE‘) — Does no work. apparent forces are added to represent the equations of motion in an inertial ~_ -
’ —_— frame of reference. T
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f x@CR Effective gravity
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Cocr Effective gravity

> Newton’s second law can be used to derive an equation that

The centrifugal force is a body force and can be combined with gravity

describes conservation of momentum (one of the basic force to give an effective gravity§ =—gk =g" + Q°R.
principles of atmospheric dynamics), but this law applies to Gravity can be represented as a gradient of a scalar potential function known as
motion in an inertial reference frame. geopotential ().

. . . . g=-gk=-V =
» In order to apply this law in a non-inertial reference frame, we g=-gk ¢ = db=gd

either need to consider apparent forces that arise due to the
motion of the non-inertial reference frame or we need to relate
the acceleration vector in an inertial reference frame to the
acceleration vector in a non-inertial reference frame.

QR

- -
‘equator
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@CR Equations of motion in a rotating coordinate frame

> Rate of change of absolute velocity following the motion =

: . du wuvtan uw . 1 o)
Sum of all forces acting per unit mass 1 EdE 2Q(vsing —weos @) — - @
= dt a a i pacos @ oA
dU - 1 — — — J
—— =2QxU—-—VP+g+F, dv u tangp xw i 1 op
dt ya) —+————+—==2Qusing - ——
1 ‘¢ 1 ’ ’
C{f r" a K a‘. /’ ,,’ pa a(/’ fw;)‘f‘;)m;]
g - ﬁ ' 2 2 ,' y—) nitintes the
n i r ’ i
_ZQXU ‘ Coriolis force _:_MZQQ -ICQI ¢_la_p_g motion
A i /i
da, a 777 poz
1lop =) ' e S
—— VP Pressure gradient force vl I A
£ i R vy K
> Qzﬁ ) Gravity force per unit mass = Sum of the Nﬂu\l;ﬂ:’enli I i( l’.) = [/—Br—;#—u _6 +i—a 4F wi}( )
g=0+ gravitational and centrifugal force terms dt b 55 acosp 4 adg oz
— A . )
. . . . v T thie ci 11 i that bec fhie t tial
F, mmm)> Frictional force in the fluid O saimate systom cupoes o e swfnce of e i
. N . Lélb’l Thiese are the Coriolis terins that arise because the tangential
‘ Note: The Coriolis and Centrifugal force terms are apparent / fictitious forces coordinate system rotates witl the Earth.
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@C_R Complete set of Equations Scale Analysis
v The complete set of model equations when moisture (q = specific humidity) > Scale Analysis: It is a convenient technique for estimating the
isincluded contains seven unknowns: U(u,v,w); T; p (pora) andg magnitudes of various terms in the governing equations for a

particular type of motion.

v" This forms seven equations:

J > — - o 1 i
% — 20k U- P g+, mmmm e > In scaling, typical expected values of the following quantities are
! p specified:
- . . . .
o, ;Vp + pVZ =0 )  Continuity equation (1) magnitudes of the field variables;
ot (2) amplitudes of fluctuations in the field variables;
- dl — o dl = Q ‘ Thermodynamic energy equation and'
?odr dr (3) the characteristic length (L), depth (H), and time (T)
po = RT — Equation of state scales on which these fluctuations occur.
o = Inverse of density
= Specific volume » These typical values are then used to compare the magnitudes of
Opq _ —V.(pqu)+ P(E—C) —) Moisture equation various terms in the governing equations.
ot E =Evaporation (moisture source)

C = Condensation (moisture sink)
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Cocr Scale Analysis CR Scale Analysis
» For example, in a typical midlatitude synoptic (wide region) » Similar considerations are also valid for derivative terms involving
cyclone, the surface pressure might fluctuate by 10 hPa over a other field variables.

horizontal distance of 1000 km.
» Therefore, the nature of the dominant terms in the governing

> Designating the amplitude of the horizontal pressure fluctuation equations is crucially dependent on the horizontal scale of the
by 8p, the horizontal coordinates by x and y, and the horizontal motions.
scale by L, the magnitude of the horizontal pressure gradient may
be estimated by dividing 6p by the length L to get: > In particular, motions with horizontal scales of a few kilometers or
ap ap sp \ o y less t.end to have short time s.ca?Ies so that terms involving the
(5' a—y) ~ = 10 hpa/10° km (IO Pam ) rotation of the earth are negligible, while for larger scales they

become very important.
» Pressure fluctuations of similar magnitudes occur in systems of

vastly different scale e.g. tornadoes, squall lines, and hurricanes. » Because the character of atmospheric motions depends so
Thus, the horizontal pressure gradient can range over several strongly on the horizontal scale, this scale provides a convenient
orders of magnitude for systems of meteorological interest. method for the classification of motion systems.
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Cocr Scale Analysis CR
> Scali ng arguments are TABLE 1.2 Length, Velocity and Time Scales in the Earth's Atmosphere and

Oceans

used extensively in Faonssn e Sudysan e

. L v
developing
simplifications of the Microwrbulence  10-100cm  5-50 cmis few seconds
. . Thunderstorms few km 1-10 m/s few hours
governlng equatlons for Sea breeze 5-50 km 1-10 mvs 6h E d f L t 02
use in mode]ing various Tornado 10-500m 30-100 m/s 10-60 min n o ec u re =
. Hurricane 300-500 km 30-60 m/s Days to weeks

types Of mOtI on Mountain waves 10-100 km 1-20 m/s Days

syste ms. Weather patterns 100-5000 km  1-50 mv/s Days to weeks
Prevailing winds Global 5-50 mis Seasons to years
Climatic variations Global 1-50 m/s Decades and beyond

» The Table here classifies | on

Microturbulence 1-100 cm 1-10 cmvs. 10-100 s

examples of scales of eralvaes 120k oososms  Minasiohous

various types Of motions Tides Basin scale 1-100 mvs Hours

. Coastal upwelling 1-10 km 0.1-1 m/s Several days

in the Atmosphere and Frons Toolm  ossmE | Rewdin

Ocea n. Eddies 5-100 km 0.1-1 m/s Days to weeks
Major currents 50-500 km 0.5-2 m/s Weeks to seasons
Large-scale gyres Basin scale 0.01-0.1 nvs Decades and beyond
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CR  Continuity equation: Conservation of mass

Dynamic Meteorology

Lecture - 03

[Tuesday, 2022-01-25]

Bhupendra Bahadur Singh

Scientist E

Local increase of density with time must be balanced
by divergence of mass flux (, x)

a’:+V.(p§)=o

equivalently

5+u.Vp+pV.u:0

Centre for Climate Change Research or
Indian Institute of Tropical Meteorology, Pune dp —
—+ pV.u =90
Email ID: bhupendra.cat@tropmet.res.in d[
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» Conservation of thermodynamic energy as applied to a moving
fluid element

Thermodynamic energy equation

» According to the first law of thermodynamics, the change in
the internal energy of a system is equal to the difference
between the heat added to the system and the work done by

the system
Dry atmosphere
daT dp . C, == Specific heat of dry air at constant
il =Q Pressure = 1004 J kg K -1

& ==> gpecific volume (inverse of density)
Q === Rate of heating per unit mass
(eg. conduction, radiation, convection)

= Cycr

Thermodynamic energy equation

Dividing the previous equation by T and using Equation of State:
The first law of thermodynamics takes the Entropy form

d(InP)

R= Gas constant for dry air
=287 Jkg!K?

» The above equation gives the rate of change of entropy per unit
mass following the motion for a thermodynamically reversible
process.
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Complete set of Equations

Scale of fluid motions

v" The complete set of model equations when moisture (q = specific humidity) 10"
isincluded contains seven unknowns: U(u,v,w); T; p (pora) andq " -
Climate variation ————3»
v" This forms seven equations: - ENSO ——>
- Year
dU - = ] 3 Momentum equations for Seasonalcycles ——p
—==20xU-—— VP+ g+ F ‘ the 3 components (u, v, w) Intraseasonal (MJO)
dr 1Y Month —»
108 Planetary waves —————3
0 - - ) =
—p +u Vp + pV u=0 ‘ Continuity equation P Wk Tropical cyclones —— 3 ‘\OQ%
z
o § Day Fronts, squall lines ———3» <y
) <— Cloud clusters
» dr — o dp =Q - Thermodynamic energy equation 10* 20
dr dr Houir <« N
- understorms
p o = RT ‘ Equation of state ¢ Tomadons
o = Inverse of density 102 <4— Thermais
= Specific volume Min »
b
JE— \5\0 «— Turbulence
aﬂ = _V(pUq)+ p(E — C) ‘ Moisture equation
ot E =Evaporation (moisture source) 10° 8
C = Condensation (moisture sink) 10° 10" 10? 10° 1°‘Me‘m105 108 107 10
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» Large-scale, low-frequency flows of geophysical fluids (eg.,
atmosphere, oceans) are strongly influenced by Earth’s rotation.

Scale analysis: Synoptic systems

Time-period for a fluid element moving with speed of “U” to traverse
a length “L” should be greater than the period of the Earth’s rotation

— so that the fluid feels or senses the rotational effects over the time-
scale of motion.

» Rossby Number (Ro): A non-dimensional number (ratio of the
characteristic scales for the acceleration and the Coriolis force terms)
estimates the importance of rotation.

Scale analysis: Rossby numbers

&

Ocean circulation 1000 - 5000 km 1-10 0.01-0.1
Extra-tropical cyclone 1000 km 1-10 0.01-0.1
Tropical cyclone 500 km 50 or greater ~1

Tornado 100 m 100 10%

» A typical synoptic scale motion in the atmosphere has a length scale L ~ 1000
km and velocity scale U ~ 20 ms™. This is a low Rossby number flow since Ro
<1 (eg. The 500 hPa height field).

. . 3 . » In the gulf-stream, U ~ 100 cms™ and the characteristic horizontal scale L~
mertial acceleration U /L U 44 . . )
Ro=Rossby nmumber=————— = = 20=10" s 100 km. Here Ro ~ 0.07 and qualifies as large-scale motion.

Coriolis acceleration  2QU  2QL

» Consider a tornado — which has a typical tangential velocity say 30 ms™ at a

> For large-scale flows Ro< 1 distance of 300 m from the center of the vortex. It turns out to be high
Rossby number flow (Ro ~ 700).
2022 Bhupendra-Lectures-FTC-192 39 2022 Bhupendra-Lectures-FTC-192 20

O
| Element | Typical value

Scale analysis: Synoptic systems

Balanced Flows

v If we incorporate a small number of approximations,

or
idealizations, we can gain a qualitative understanding of the

U,V (horizontal velocity) 10-20m s! 10t horizontal balance of forces in the ocean and atmosphere.
W (vertical velocity) lcms? 102
L (length, distance scale) 1000 km 106 v' The hydrostatic balance (vertical), which assumes that friction
ey e e — 70 b (@it e reesaloana) 10° and coriolis forces have negligible effects, has only a 0.01%
Horizontal pressure change 10-20 hPa 10° error when applied to synoptic scale motions.
Vertical pressure change 1000 hPa 10° . .
,p g v’ Horizontal errors are somewhat larger, but still small enough to
Time (L/U) 27 hours 10° _—
allow application to a large number of cases
p (density) 1 kg m3 10°
g (gravity) 9.8 ms? 10t Rossby Number
Q (angular velocity) 7.292 x 10> 51 10 Small ~1 Large
Geostrophic Flow Gradient Flow  Cyclostrophic Flow
2022 Bhupendra-Lectures-FTC-192 a1 2022 Bhupendra-Lectures-FTC-192 a2
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Geostrophic Balance

P = Pressure Gradient

» For mid-latitude synoptic scale
Force

disturbances, the Coriolis force and
the pressure gradient force are in
approximate balance.

/

Py- &P

The geostrophic balance is a
diagnostic expression which gives an
approximate relationship between the
pressure field and horizontal velocity
in synoptic scale systems for the mid-
latitudes

Py

Coriclis
Force

- 1

P
- . 1

N
s

vp

Geostrophic flow is parallel to the
isobars

Coriolis
parameter

1o

p Ox

It is only a diagnostic relation and
cannot be used to predict the
evolution of the velocity field

fu

,ﬁz
p oy

1 %p

Gradient Balance

When pressure-gradient force, Coriolis acceleration. and Centrifugal acceleration
are in balance - local (inertial) acceleration vanishes. and solving for v,.

Example : Low pressure near a tropical cyclone/huiricane

% = 45 hPa/100 km. =15 N, p=1.06 kg m~.
CR,

R =70km. p =850hPa, v, =52ms".

é
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Cyclostrophic Balance

b)

diny _ fo, e l:ﬂ

dt R péR
: R &p
Cyclostrophic balance: v, = |— R
OR,

Cyclostrophic balance occurs when the horizontal
pressure gradient and centrifugal forces push equally

in opposite directions. Smaller vortices. (e.g.. tornadoes.
dust devils). are cyclostrophically balanced at any
latitude.

» The flow must be frictionless, always parallel to the height
contours, and the scale of the flow is either small in scale or
near the equator, where the coriolis force is essentially zero.

a3
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Inertial Balance

» Inertial flow is not one of the more commonly seen flows in
the atmosphere, yet it does exist. The inertial wind results
from the balance of centrifugal and coriolis force when there is
negligible pressure gradient force:

V=-fRc

» Inertial flows are also known as
inertial oscillations, since air parcels
under the influence of inertial balance
follow circular paths.

» The only situations where inertial flow may be observed are in
the center of large anti-cyclones or cyclones, where pressure
gradients are very weak.

2022
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Balanced Flow: Summary

45

Centrifugal force m Balanced flow
* *

Geostrophic

o o Cyclostrophic
* * * Gradient
* * Inertial

2022
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Thermal wind

» It results due to vertical shear in the geostrophic wind in the
presence of horizontal temperature gradient

Pregsure decreases

) Cold -
(cold air - dense (North Pole)

layer thickness is

small) e Yo -
IS )
force £ \ e
In the tropics ¢
700 hPa is quite Wam
above the ground (Equator)

(warm air - less dense
- layer thickness is large)
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LOCR Thermal wind Thermal wind

Geostrophic wind

into the diagran The magnitude of the thermal wind depends on the horizontal temp erature gradient.
COLD WARM An expression for the magnitude of the thermal wind is determined
sig ht 500mb by differentiating the expression of the geostrophic wind with relation to pressure ( p)
Oy 1 0 (& 1o ¢cd R, T - p.T,. 9,
700mb I AT . v,
elmp  folnplay favlolp) f oy “ It
r_to 1
oy 1 0 (o®) 10( @) Rl T T
e omp fompla) foxlomp) 1 ox Ve e
1000mb using the hydrostatic equation in isobaric system is ;;D =-R,T
P
. . N v, R - -
PGF COR In vectorial form the thermal wind equation is given by, oI £ = —7" kxV.T
' In
A horizontal thermal gradient creates a PGF at upper levels. As you increase in altitude, the pressure gradient between the s ) 3 § P
i 3 ) ) i 3 Integration over p between two pressure levels
warm column and the cool column increase. As the PGF increases the magnitude of the wind will increase and so will R
the Coriolis force (geostrophic winds - looking at an arrow pointing into away from us - into the image). V= V"g(pl) = i’g(pD) = ——“’_[h (f{ X ﬁpT) dnp
The vertical change in geostrophic wind is called the geostrophic vertical shear. Since the geostrophic vertical 7o
shear is directly proportional to the horizontal temperature gradient, it is also called the Thermal Wind. v - R&, P T\ » T\ »
Thermal wind is not an actual wind, but a the difference between two winds at different levels. T 1 ;1 ~ ED , + G : J
. . . - 1~ =
» Remember this thumb rule for thermal wind balance: V; = ?k XV, (D, - D,)
Zonal wind shear (vertical) is proportional to (horizontal) meridional TG. RT
o ) o . ) Recall : @, — @, = - m[ﬂ]
Meridional wind shear (vertical) is proportional to (horizontal) zonal TG. g 2
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€ocr Thermal wind CR Thermal wind

o . » The thermal wind equation provides useful diagnostic tool for checking analyses
Thermal wind L ) O f the observed wind and fields for consi It can also be used
separates the cold-warm air of the observed wind and temperature fields for consistency. It can also be use
on or boundary (indicates the front) to estimate the mean horizontal temperature advection in a layer
el r
o : The thermal wind blows parallel to the isotherms (lines of constant temperature / thickness) —
strongeru, —1, <> stronger % with the warm air to the right facing downstream in the NH.
Cold
example : — 78T
9T . temperature gradient (equator-poleward Yo
Bl emperature gradient (quator-pol ) Thus, a geostrophic wind which turns anti-clockwise o -
u, —u, ¢ zonally oriented sub-tropical jet with height (backs) is associated with cold-air advection - Y50 . N
— oesT
777777777777777777777777777 Warm
(o)
Cold
"""" —_——————————————————— Tp-8T
v
Conversely, clockwise turning (veering) of the geostrophic - Var T
T=const. wind with height implies warm-air advection in the layer Voo
— Te+8T
Worm

(b)
Direction of thermal wind (u, -u, ) is parallel to isotherms (Follow Buys-Ballot’s law

. . . . . Figure shows the relationship between turning of the geostrophic wind and temperature advection -
for T: left - cold region, right - warm region) or thicknuess lines.

(a) Backing of wind with height (b) Veering of wind with height
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LOCR  Barotropic and Baroclinic atmosphere @CR Barotropic and Baroclinic atmosphere

Barotropic Baroclinic e A baroitropic fluid is one in which surfaces of constant pressure and constant density
Raratropic . E arallel (see Fig.[1)).
low pressure light fluid solar radiation ; ; are parallel (sce Fi. [
light fluid
( constant pressure surface
P :p([?) STABLE g -

o

p=ppT) ﬁ P ”

fluid warms, & O

becomes less dense

high pressure heavy fluid and rises in convection heavy fluid can% surface

Figure 00.4: Because of the overwhelming importance of ~ Figure 00.5: In contrast to Fig. 4, if depends on both
gravity, pressure increases downward in the atmosphere  pressure and temperature, p =p (p, T), then fluid heated by
and ocean. For gravitational stability, density must also the Sun, for example, can become buoyant and rise in
increase downward—as sketched in the diagram—with convection. Such a fluid can be energized thermally. e In a barotropic fluid the density is constant along a constant pressure surface.
heavy fluid below and light fluid above. If p = p (p) only, then
the density is independent of T, and the fluid cannot be
brought into motion by heating and/or cooling

Figure 1: Pressure and density surfaces are parallel in a barotropic fluid.

Copyright © 2008, Elsevier Inc. Al rights reserved. From the ideal gas law this implies that, for a barotropic atmosphere, temperature
is constant on a constant pressure surface, since p/p = R,T", and since both p and
p are constant on a pressure surface, then so would 7".

Copyright © 2008, Elsevier Inc. Al rights reserved

— If the atmosphere were truly barotropic there would be no isotherms on a constant
pressure map.

(Marshall and PIumb) e Ina barotropic. fluid the tlvler]:ual-wind is zero. Therefore, tl}e flow is the same at all
levels. There is no vertical wind shear in a barotropic atmosphere.

2022 Bhupendra-Lectures-FTC-192 53 2022 Bhupendra-Lectures-FTC-192 54



‘ : - =y : - -
@‘CR Barotropic and Baroclinic atmosphere @@CR Barotropic and Baroclinic atmosphere

o If a fluid is not barotropic it is barochnic. In baroclinic fluids the pressure and density

> As in the Barotropic atmosphere, the density depends only on the surfaces intersect as shown in Fig. Bl

pressure, p = p(p), so that isobaric surfaces are also surfaces of
constant density.

— In a baroclinic atmosphere there will be a temperature gradient on a constant
pressure Surfa/ce.

> If the atmosphere is Barotropic, then for an ideal gas, the isobaric — In a baroclinic atmosphere the flow will be different at different levels.

surfaces will also be isothermal, thus, V,.T=0 constant pressure surfuce

IV, R ;
&£ = "k xV,T and using constant density surface

» Consider the thermal wind equation
dlnp f

V,.T=0, it reduces to dV,/dIn p = 0, implying that geostrophic
wind is independent of height in a Barotropic atmosphere.

» Thus, Barotropy provides a very strong constraint on the motions
in a rotating fluid; i.e. the large-scale motion can depend only on

horizontal position and time, not on hEIght Figure 2: Pressure and density surfaces intersect in a baroclinic fluid.
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@CR Barotropic and Baroclinic atmosphere @CR Barotropic and Baroclinic atmosphere

> An atmosphere in which density depends on both the temperature Barotropic Baroclinic
and the pressure, p = p (p, T), is referred to as a Baroclinic

atmosbhere. No temperature gradient on pressure Temperature gradients exists on

surfaces pressure surfaces - valid for mid-
. ilti , latitudes/high latitudes
> In a Baroclinic atmosphere, the geostrophic wind generally has no tiltin pressure systems gl )
vertical shear, and this shear is related to the horizontal * Isobaric surfaces are also the ’ Thermal.wm’d em,ts_P ressure
temperature gradient by the thermal wind equation: isothermal surfaces - Constant systetms mf“"”fi’ height .
' density surfaces lies on isobaric *  Geostrophic winds change with
Ve - _Ek x V,T surfaces. height (veering/backing)
dln p 1 VpxVa=0 + Constant density surfaces ntersect
» Obviously, the Baroclinic atmosphere is of primary importance in * Geostrophic winds are independent the 1sobaric surfaces. That is,
dynamic meteorology. of height — no thermal wind. VpxVa+0
*  Pressure gradients —importantin *  Temperature gradients— important
» However, much can be learned by study of the simpler Barotropic barotropic atmosphere— more ideal in baroclinic atmosphere— more
atmosphere. for tropics. ideal in mid-latitudes.
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Circulation theorems and application

Measurement of Rotation

Circulation:
Definition:
e Circulation and VOI‘tiCity are the two primary Circulation is defined as a macro-scale measure of rotation of fluid.
measures of rotation 1n a fluid. Mathematically it is defined as a line integral of the velocity vector around a
closed path, about which the circulation is measured.
* Circulation, which 1s a scalar integral quantity, 1s a Circulation may be defined for an arbitrary vector field, say, 8. Circulation ‘C,’ of
macroscopic measure of rotation for a finite area of an arbitrary vector field B around a closed path, is mathematically expressed as

the fluid.

a line integral of B around that closed path,i.e., C; = §E’.di .

° Vorticity, however, 1s a vector field that gives a In Meteorology, by the term, ‘Circulation’ we understand the circulation of

microscopic measure of the rotation at any pOiIlt in velocity vector. Hence, in Meteorology circulation around a closed path is given
the fluid. by C = jQV. dl ...(C1.1). From this expression it is clear that

circulation is a scalar quantity.
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Circulation theorems and application

Conventionally, sign of circulation is taken as positive (or negative)
for an anticlockwise rotation (or for a clockwise rotation) in the Northern
hemisphere. Sign convention is just opposite in the Southern hemisphere. Since
we talk about absolute and relative motion, hence we can talk about absolute
circulation and relative circulation. They are respectively denoted by C,and C,

respectively and are defined as follows:
C,= §Z.Ez . (C1.2)

and C,= ¥, .d ..(C13)

Where Z and V, are the absolute and relative velocities respectively.

2022 Bhupendra-Lectures-FTC-192
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Circulation theorems and application
Stokes Theorem:-

It states that the line integral of any vector B around a closed path is
equal to the surface integral of V xBn over the surface ‘S’ enclosed by the
closed path, where 7 is the outward drawn unit normal vector to the surface ‘S’.
So, §E’-§[ZJ‘J‘(§X§)-?I{1&.

The Circulation Theorems:

Circulation theorems deal with the change in circulation and its cause(s).

For an arbitrary vector field, B the circulation theorem states that the time
rate of change of circulation of B is equal to the circulation of the time rate of
change of B, ie.,

AiBal :§d—B.df ............ (C1.4)
dr dt

This theorem may be applied to the absolute velocity vector (I7a) as well

as to the relative velocity vector (I;, )

@CR Circulation and Vorticity

Circulation theorems and application

Kelvin’s Circulation theorem:

It is the circulation theorem, when applied to the absolute velocity
(V,) of fluid motion.
So according to Kelvin’s Circulation theorem,

d,.C
dt

=§d—V§1 ..... (C1.5).
drt

Proof: We know that C_ = fzgl

LA

So, “§V,.df
dr dr
d,C dyV, - ¢ d,, -
or, faa= (% a g + {7 Ca(dl
" dt § dt +§ @ dr( ) _
or dCa_ Ve i t5 45 or, 4.Ca _ §%_(jf
Tdr §dx' §7ed.r. dt dr

. d,C, dC
Conventionally, —2—% or
dt dt

~are known as acceleration of circulation
(absolute or relative).

So, in Meteorology, circulation theorem simply states that the acceleration
of circulation is equal to the circulation of acceleration.
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Circulation and Vorticity

Vorticity
Vorticity is the microscopic measure of spin and rotation in a fluid.

Vorticity is defined as the curl of the velocity: V x I:’.

\ Wind direction varies — clockwise spin

* " Wind speed varies — clockwise spin

Absolute vorticity (inertial reference frame): @ =Vx Vu

Relative vorticity (relative to rotating earth): (D =Vx ],7

63

@CR Circulation and Vorticity

o

Expansion of relative vorticity into Cartesian components:

i ]k

= |0 o0 0
VxV = - =
ox oy oz
uovow

— w VA )\ A oy ~
VxV = Qv _O0 i+[%—%jj+ o k
oy 0Oz 0z Ox ox Oy

For large scale dynamics, the vertical component of vorticity is
most important. The vertical components of absolute and
relative vorticity in vector notation are:

A = . i From now on,
=k (V X V) relative vorticity vorticity implies the
vertical component
_7 > : (unless otherwise
n=k- (V X Va) absolute vorticity stated.)
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The absolute vorticity is equal to the relative vorticity plus the
earth’s vorticity. Since the earth’s vorticity is

‘é'(VX i_'())= 20sing= [

then

. ov cu oav o o .

g=—-— ad p=—-—+/=+/
v oy ox  dy

For large scale circulations, a typical magnitude for vorticity is
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@CR Circulation and Vorticity CR Circulation and Vorticity
P ; Vorticity=Circulation per unit area
| VOI’thl ty eqtlﬂtlon Circulation (scalar)

Vorticify=Circuation per unit aren - .-

Circulation (scalar) Circulation C = ¢4 (macroscopic rotation of fluid) Vorticity (vector)

Vorticity (vector)

constitutes

The relationship between relative vorticity £ and circulation can vorticity

be seen by considering the following expression, in which we
will define the relative vorticity as the circulation about a closed
contour in the horizontal plane divided by the area enclosed by

. .. - - . . . . év
Relative vorticity ¢ =k-VxV  (spin of a fluid - microscopic) = = a‘
Planetary vorticity = f = 2Qsin ¢

L ov  Ou
Absolute vorticity= ¢ + = — —— +
y=g+f=7 & A

. . o (ou ou  Ou cu . |
that contour, in the limit as the area approaches zero. 5[5“‘5“5“‘571« ra_ =0 (1) «Differentiating the zonal and meridional
e (5 7)1 2 , , momentum equations
g =lim [_4"/ -l )—4 > constitutes Ll L L + fu P -0 (2)
usls . A0 circulation a\or - ax © @ 24
& Lo et .
Evaluating 7.4 for each side of Subtracting (1) from (2).
t the rectangle yields the circulation: % & au & wdv  awdu daép &Eadp
t oey oty “*‘****ﬂ(a*aJ*[Eg*EgHaa*EE
\ & TH%@ o0 =nder|ve D |a—|w+ 2oy e vy 2 s Prm(es TR, {5“.@,. E“.EHJ (Ve p)
Lax Uoa ) e+ f)=—(c+ V- | EE A k. (VaxVp
o[ z',u" s 0C (v o) dTA s o a:c % &= 5
v — so=| Z-Zlgs » = -
“ ox oy ad \&x &) A=rate of change of absolute vorticity following the fluid motion
av Eor & e cagie T B=Effect of herizontal velocity divergence on verticity
or bynop e scate mo I()nb/ C=Transfer of vorticity between horizontal and vertical components
B> (c D) (twisting or tilting term)
= D=Baroclinicity (solenoidal term)
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d = owdv owou| d < owdv owéu| ¢

—(c+f)==(c+/)V-Vg-| ——-——|-k-(VaxVp) —(c+f)==(c+)V-Vg—-| —————|-k-(VaxVp)

dt v oz &y cz dt v oz Oy s

» The equation above states that the rate of change of the absolute
vorticity following the motion is given by the sum of the three
terms on the right, called the divergence term, the tilting or
twisting term, and the solenoidal term, respectively.

» The concentration or dilution of vorticity by the divergence field
(the first term on the right) is the fluid analog of the change in
angular velocity resulting from a change in the moment of inertia of
a solid body when angular momentum is conserved.

» If the horizontal flow is divergent, the area enclosed by a chain of
fluid parcels will increase with time and if circulation is to be
conserved, the average absolute vorticity of the enclosed fluid
must decrease (i.e., the vorticity will be diluted).

> If, however, the flow is convergent, the area enclosed by a chain of
fluid parcels will decrease with time and the vorticity will be
concentrated. This mechanism for changing vorticity following the
motion is very important in synoptic-scale disturbances.

> The second term represents vertical vorticity generated by the
tilting of horizontally oriented components of vorticity into the
vertical by a non-uniform vertical motion field.

» The figure shows a region where the y component
of velocity is increasing with height so that there is a
component of shear vorticity oriented in the negative
x direction as indicated by the double arrow.
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Circulation and Vorticity

ow ov N ow Cu

do e V-
E('ﬁf)* (§+f)V-Vy (a\’ﬁ" &y -

J—l:i-(Vapr)

> If at the same time there is a vertical motion field in which w
decreases with increasing x, advection by the vertical motion will
tend to tilt the vorticity vector initially oriented parallel to x so that
it has a component in the vertical. Thus, if dv/dz > 0 and dw/dx < 0,
there will be a generation of positive vertical vorticity.

> Finally, the third term on the right is just the microscopic equivalent

Circulation and Vorticity

Vorticity equation - Tilting term

In this example, vertical shear of v-component

ov v wind is producing shear vorticity about an east-
z —>0 west axis. The orientation of the vorticity vector
0Oz is shown by the solid red arrow.
a East-west variations in the vertical velocity twist
3 or tilt this “vortex tube” toward a more vertical

orientation, as indicated by the broken red

5@, arrow. This gives the vorticity vector a

component in the z-direction, indicating a
transfer of vorticity from the horizontal to the

rtical.
of the solenoidal term in the circulation theorem. w[ | - v
aw ol @@<0—>7d(§+f)>0
Yoo 0z Ox dr
ox
dy — ow oy Ow Ou ~
“(c+f)=—A(¢c+f)V-Vg-| ————— |-k (V V
dr(g f)==le+) H(@x@z ayazJ (VarxVp)
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Vorticity equation - Tilting/twisting term

Circulation and Vorticity

Vertical shear in the horizontal motion is going to twist

Horizontal shear in the vertical motion is going to tilt
(owev_owen
ax oz oy O e arac o o
ow >0, @ >0
ay oz G
d z
+f)>0 = )
AR y
twisting arises due to vertical shear U
in the horizontal motion, and horizontal Ry
shear 1n the vertical motion
X
d — ow dv  Ow Ou ~
L (gr f)=—(c+ f)V -V -| ZE_ M { (VaxVp)
dt Ox 0z Oy oz
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Solenoidal/baroclinicity

We can write Bjerknes circulation theorem for a baroclinic atmosphere as,

DU, e - .
——areddion — _| (Vax Vp)-dA =—| |Va||Vp|sin y d4
o [ (VaxVp) {\ [Vp)sin
. Dor, . . .
In this figure, %""U” <0 = clockwise circulation would develop.

In general, the circulation that develops would be such that density and

pressure surfaces would become parallel (baroclinic — barotropic)

~VaxVp=-|Va|Vplsiny
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@CR Scale Analysis of Vorticity Equation

907/0t + u*aY/Ax + v*AY/dy + w*dL/0z + (T + f)*(du/dx + dv/dy) +
(0w/0x*dv/0z — Ow/dy*du/dz) + v*df/dy = 1/p?*(dp/dx * dp/dy — Op/dy *
dp/0x)

» Consider a mid-latitude synoptic system with scale as follows:

U~ 10ms~! horizontal scale
W~ lems™! vertical scale Therefore:
L~ 10°m length scale
H~ 10*m depth scale v du < U 1075 1
- _ o~ S
Sp ~ 10hPa horizontal pressure scale - ax v ™~ L s
p~1lkgm™? mean density ’ -
Splp ~ 1072 fractional density fluctuation and:
LIU ~ 105s time scale . i . 1
fo~ 107451 Coriolis parameter E/fD 5 b/ (fol)= Ro ~ 10
B~10"1m 11 “beta” parameter

» For mid-latitude synoptic-scale systems, the relative vorticity (T ) is often
small compared to the planetary vorticity (f) where T may be neglected
compared to f in the divergence term in the vorticity equation:

C+f du L dv ~ f du 4 dv
MNaoxTa) 77 G T oy
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Scale Analysis of Vorticity Equation

97/dt + u*aY/dx + v*AY/ 0y + w*dL/0z + (T + f)*(du/dx + Av/dy) +
(Ow/0x*3dv/0z — Ow/dy*du/dz) + v*df/dy = 1/p?*(dp/dx * dp/dy — Op/dy *
0p/9x)

» The magnitudes of the various terms in the equation above can be
estimated as:

P - 2
ag - of e U -0 -2 v g~ 10710 42
ar’ ax’ dy L2 ’ dy
il v ol
i WU f(f—*”+*l.)5f07”'079 s
w t Y 10711572 9x 0y
oz HL dwﬁ B dw du < wu L0=11 ¢=2
dx dz Oy oz HL
1 fopap odpd 8pd
L (i) e
p= \dx dy  Oyax peL=
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du
—(4+f)—7(i+7‘)( + —

Scale Analysis of Vorticity Equation

dv
ay

dw dv dw du 4 1 (apap dpap
ax 9z Ay oz p2 \ax dy ayox

CR Natural Coordinates

» The natural coordinate system is defined by the orthogonal set of unit
vectors t, n, and k.

» Unit vector t is oriented parallel to the horizontal velocity at each point;

U~ 10ms™! horizontal scale ) A - - - i )
W~ lems™! vertical scale unit vector n is normal to the horizontal velocity and is oriented so that it
Scaled for mid-latitude L~ 10°m length scale . P . s . . .
cynoptic.scale weather o 10t depth scale is positive to the left of the flow direction; and unit vector k is directed
Sp~ 10hPa horizontal pressure scale Vertica”){ upward.
p~1kgm=3 mean density
Splp ~ 102 fractional density fluctuation
LIU - :34 ] ?"‘L‘ scale > In this system the horizontal velocity may be written V = Vt where V, the
Jo~ - Jorio] arameter . . . .
¥ /;ln 10~ m=1 5! “beta” parameter horizontal speed, is a nonnegative scalar defined by V = Ds/Dt,
- - - - Dy 3 P where s(x, y, t) is the distance along the curve followed by a parcel moving
Dp + f) L Ou v = tu.—+v— X !
=—fl{—+- Dt = ar - ax ay in the horizontal plane.
Dt ox ay
> The acceleration following the motion is thus: — = 202 (2 | 2t
Dh(z+fb:7‘£+”(fil+i) e acceleration following the motion is thus: -~ = —5— =t~ Dr
Dt ax oy
In intense cyclonic storms, the relative vorticity
should be retained in the divergence term.
2022 Bhupendra-Lectures-FTC-192 79 2022 Bhupendra-Lectures-FTC-192 80

Natural Coordinates

Cocr

» The rate of change of t following the motion may be derived from
geometrical considerations with the aid of the following figure:
8s 18t

S = =5t
R~ It]

» Here Ris the radius of curvature
following the parcel motion, and we
have used the fact that |t| = 1.

By convention, R is taken to be positive
when the center of curvature is in the
positive n direction.

Fig 3.1 Rate of change of the unit tangent vector t following the motion.

» Thus, for R > 0, the air parcels turn toward the left following the motion,
and for R < 0 the air parcels turn toward the right following the motion.

Natural Coordinates

» Noting that in the limit 8s - 0, 8t is directed parallel to n, the above
relationship yields Dt/Ds = n/R. Thus,
Dt_DtDs

Di” DsDi R

and

DV by p?
= t—din—
» Therefore, the acceleration following the motion is the sum of the rate of
change of speed of the air parcel and its centripetal acceleration due to
the curvature of the trajectory.

» Because the Coriolis force always acts normal to the direction of motion,
its natural coordinate form is simply: CfkxV=—/Fn

» Whereas the pressure gradient force can be expressed as:
P
-V, b=—|t

n ad
s " on
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Natural Coordinates

Cocr

» The horizontal momentum equation may thus be expanded into the
following component equations in the natural coordinate system:

DV ad

» These two equation express the force balances Dt =T s
parallel to and normal to the direction of flow, 2 00
respectively. —_— V = ——
R +/ an

» For motion parallel to the geopotential height contours, d¢/ds = 0 and
the speed is constant following the motion.

» If, in addition, the geopotential gradient normal to the direction of
motion is constant along a trajectory, the second equation also implies
that the radius of curvature of the trajectory is also constant.

> In that case, the flow can be classified into several simple categories
depending on the relative contributions of the three terms in the second
equation to the net force balance.
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Potential vorticity

To understand the concept of Potential vorticity, first we may refer
to the popular circus play, where a girl is standing at the centre of a rotating disc.
As the girl stretches her arm, the disc rotates at a slower rate and as she
withdraws her arms the disc rotates at a faster rate. Generally this example is
referred in solid rotation to illustrate the conservation of angular momentum. This
example hints us to search a quantity in the fluid rotation, which is analogous to
the angular momentum in solid rotation.

For that we consider an air column of unit radius. Now, consider
that the air column shrinks down i.e. its depth decreases. As it shrinks down, its
radius increases and then as per the above example column will rotate at a
slower speed. Also if the air column stretches vertically i.e. if its depth increases,

then its radius decreases and rate of rotation increases
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decreases as its depth increases or decreases.

Potential vorticity

So, it's clear that the rate of rotation of the air column increases or

Thus for a rotating air column, we can say that the rate of rotation is
proportional to the depth of the air column.
Now for fluid motion rate of rotation and vorticity are analogous
Vorticity « Depth
Vorticity/Depth = constant
Thus in the fluid rotation the quantity (Vorticity/Depth) remains constant as
in the solid rotation angular momentum remains constant. So this quantity is

analogous to the angular momentum. It is known as potential vorticity.

Potential vorticity

A model that has proved useful for elucidating some aspects of the horizontal structure of large-scale
atmospheric motions is the barotropic model. In the most general version of this model, the atmosphere
is represented as a homogeneous incompressible fluid of variable depth, i(x. y. f) = z, - z,. where

=, and =, are the heights of the upper and lower boundaries, respectively.

In a barotropic (incompressible) fluid, the vorticity equation (combined with the continuity equation) for

can be written as:
)==(s+/)V-Va=(¢
(e f) (s 1) BT (5 1)

‘*’f)%i —(o+ w(z,) ;“'(:1)

dh
d

f)

dt
1 1dh d

dinh
P I

,ln[ +f] 0 implies that] %[g

= potential vorticity — potential vorticity is conserved following the motion in a barotropic
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atmosphere. This is also called 'Rossby potential vorticity'.
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Potential vorticity
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The real atmosphere is usually baroclinic, so it is more appropriate to use conservations of Ertel's potential vorticity.
—-gcnZ
o
In this case, the top of the atmosphere is not constrained to be a rigid lid, but instead we look at a column of atmosphere
constrained between two isentropes (surfaces of constant potential temperature). In this case the quantity P must remain
constant following the fluid column.

As the flow approaches the hill. both the bottom isentrope and the top isentrope deflect upwards, but the top deflects to a
much lesser extent (although it begins its deflection prior to the bottom deflecting). The diagram would look something like
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Exercises

1. What would be length and time scales when you perform scale analysis
for the these three specific phenomena:

MICROSCALE
Cumulus cloud

SYNOPTIC SCALE
extra-tropical cyclone

MESOSCALE
Sea-breeze

that below
2. Whether cyclone formatlon takes place near the equator, why?
0+A0T— more T 0+A0
e stable . ) ) )
less less z 3. Can the Coriolis force change the magnitude of the wind velocity?
stable stable ®
3:' 4. In general why wind does not move upward despite a strong pressure
A iy ¥ a gradient in the vertical direction?
- | e e, =—
5. Write the momentum equation of a body of mass m moving with a
variable velocity “V” in a rotating coordinate system
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Thank You!
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