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…Few messages beforehand… 

 Brush up our the concepts of 12th standard mathematics and physics e.g. the 

equations, functions, graphs, differentiation, integration concepts and formulae. 

It would be handy! 

 

 During the live class you are suggested to make your notes (pen/paper) in 

parallel. 

 

 Course requirements (e.g. Attendance, Theory  & Practicals) must be fulfilled. 

 

 

 

References: 

 
• An Introduction to Dynamic Meteorology [by James Holton] 
• Atmospheric Science: An Introductory Survey [by Wallace and Hobbs] 
• Meteorology for Scientists and Engineers [by Roland Stull] 
• An Introduction to Atmospheric Physics [by David Andrews] 
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Geophysical Fluid Dynamics 

Two main ingredients distinguish the GFD from traditional fluid 
mechanics: 
The effects of Rotation and those of Stratification.  
The controlling influence of one, the other, or both leads to 

peculiarities exhibited only by geophysical flows. 

Governing laws 
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 Atmospheric/Oceanic motions are governed by three principals: 
  *conservation of momentum 
  *conservation of mass 
  *conservation of energy 
 
 There are two approaches to describe the motion of a fluid and its 

associated properties: Eulerian and Lagrangian. 
 
 These conservation laws can be applied to a control volume of the 

atmosphere at a fixed location (Eulerian) or to a control volume of 
the atmosphere that is moving with the flow (Lagrangian – refers to 
as the ‘material volume’). 
 

 Lagrangian: We deal with the total, substantial or material 
derivative. 
 

 Eulerian: We deal with the local or partial derivative. 

Fluid motions 
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Fluid motions 
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Fluid motions 
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Fluid motions 
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Fluid motions 
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Fluid motions 
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Fluid motions 
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Fluid motions 
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Fluid motions 
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Forces on an Air Parcel 
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Forces on an Air Parcel 

Bhupendra-Lectures-FTC-192 17 2022 

Forces on an Air Parcel 
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Forces on an Air Parcel 
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Forces on an Air Parcel 
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Reference frames 
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Rotating coordinate system 
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 Newton’s second law can be used to derive an equation that describes 
     conservation of momentum (one of the basic principles of atmospheric 
     dynamics), but this law applies to motion in an inertial reference frame. 

 
 In order to apply this law in a non-inertial reference frame, we either need to 

consider apparent forces that arise due to the motion of the non-inertial 
     reference frame, or we need to relate the acceleration vector in an inertial 
     reference frame to the acceleration vector in a non-inertial reference frame. 

Applying this concept to a position vector
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Effective gravity 
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 Newton’s second law can be used to derive an equation that 
describes conservation of momentum (one of the basic 
principles of atmospheric dynamics), but this law applies to 
motion in an inertial reference frame. 
 

 In order to apply this law in a non-inertial reference frame, we 
either need to consider apparent forces that arise due to the 
motion of the non-inertial reference frame or we need to relate 
the acceleration vector in an inertial reference frame to the 
acceleration vector in a non-inertial reference frame. 

Effective gravity 
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* 2

The centrifugal force is a body force and can be combined with gravity

ˆforce to give an effective gravity .

Gravity can be represented as a gradient of a scalar potential function known 

g     g k g R

as

geopotential ( ).

ˆ                             g d gdz



      g k



Equations of motion in a rotating coordinate frame 
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Rate of change of absolute velocity following the motion = 
Sum of all forces acting per unit mass  



 U2 Coriolis force  



 P


1
 Pressure gradient force 






 Rgg 2 Gravity force per unit mass = Sum of the 

gravitational and centrifugal force terms 


rF Frictional force in the fluid 

Note: The Coriolis and Centrifugal force terms are apparent / fictitious forces  

Momentum equations in spherical coordinate system 
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Complete set of Equations 
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 The complete set of model equations when moisture (q = specific humidity)  

is included  contains seven unknowns:  U (u, v, w);  T;  p  (ρ or α)  and q   

 

 This forms seven equations: 

Scale Analysis 
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 Scale Analysis: It is a convenient technique for estimating the 
magnitudes of various terms in the governing equations for a 
particular type of motion. 
 

 In scaling, typical expected values of the following quantities are 
specified:  

  (1) magnitudes of the field variables;  
  (2) amplitudes of fluctuations in the field variables;  
  and, 
  (3) the characteristic length (L), depth (H), and time (T) 
  scales on which these fluctuations occur. 

 
 These typical values are then used to compare the magnitudes of 

various terms in the governing equations. 

Scale Analysis 
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 For example, in a typical midlatitude synoptic (wide region) 
cyclone, the surface pressure might fluctuate by 10 hPa over a 
horizontal distance of 1000 km.  
 

 Designating the amplitude of the horizontal pressure fluctuation 
by δp, the horizontal coordinates by x and y, and the horizontal 
scale by L, the magnitude of the horizontal pressure gradient may 
be estimated by dividing δp by the length L to get: 
 
 
 

 Pressure fluctuations of similar magnitudes occur in systems of 
vastly different scale e.g. tornadoes, squall lines, and hurricanes. 
Thus, the horizontal pressure gradient can range over several 
orders of magnitude for systems of meteorological interest. 

Scale Analysis 
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 Similar considerations are also valid for derivative terms involving 
other field variables.  
 

 Therefore, the nature of the dominant terms in the governing 
equations is crucially dependent on the horizontal scale of the 
motions. 
 

 In particular, motions with horizontal scales of a few kilometers or 
less tend to have short time scales so that terms involving the 
rotation of the earth are negligible, while for larger scales they 
become very important.  
 

 Because the character of atmospheric motions depends so 
strongly on the horizontal scale, this scale provides a convenient 
method for the classification of motion systems. 



Scale Analysis 
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 Scaling arguments are 
used extensively in 
developing 
simplifications of the 
governing equations for 
use in modeling various 
types of motion 
systems. 
 

 The Table here classifies 
examples of scales of 
various types of motions 
in the Atmosphere and 
Ocean. 
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Continuity equation: Conservation of mass 
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Thermodynamic energy equation 
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 Conservation of thermodynamic energy as applied to a moving 
fluid element 

 
 According to the first law of thermodynamics, the change in 

the internal energy of a system is equal to the difference 
between the heat added to the system and the work done by 
the system 

.

Q
dt

dp

dt

dT
Cp 

pC Specific heat of dry air at constant  

Pressure = 1004 J kg-1 K -1 

 Specific volume (inverse of density) 

.

Q Rate of heating per unit mass  

(eg. conduction, radiation, convection) 

Dry atmosphere 

Thermodynamic energy equation 
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Dividing the previous equation by T and using Equation of State: 
The first law of thermodynamics takes the Entropy form 

R= Gas constant for dry air  

   = 287 J kg-1 K-1 
dT

dS

T

Q

dt

Pd
R

dt

Td
C p 

.

)(ln)(ln

 The above equation gives the rate of change of entropy per unit 
mass following the motion for a thermodynamically reversible 
process. 

 



Complete set of Equations 
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 The complete set of model equations when moisture (q = specific humidity)  

is included  contains seven unknowns:  U (u, v, w);  T;  p  (ρ or α)  and q   

 

 This forms seven equations: 

Scale of fluid motions 
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Scale analysis: Synoptic systems 
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 Large-scale, low-frequency flows of geophysical fluids (eg., 
atmosphere, oceans) are strongly influenced by Earth’s rotation. 
 

 Time-period for a fluid element moving with speed of “U” to traverse 
a length “L” should be greater than the period of the Earth’s rotation 
– so that the fluid feels or senses the rotational effects over the time-
scale of motion. 
 

 Rossby Number (R0): A non-dimensional number (ratio of the 
characteristic scales for the acceleration and the Coriolis force terms) 
estimates the importance of rotation. 

 
 
 

 For large-scale flows R0 ≤ 1 

Scale analysis: Rossby numbers 
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Flow system L  U (ms-1) Rossby number 

Ocean circulation 1000  - 5000 km  1-10 0.01 – 0.1 

Extra-tropical cyclone 1000 km 1-10 0.01 – 0.1 

Tropical cyclone 500  km 50 or greater ~ 1 

Tornado  100 m 100 104 

 A typical synoptic scale motion in the atmosphere has a length scale L ~ 1000 
km and velocity scale U ~ 20 ms-1. This is a low Rossby number flow since R0 
< 1 (eg. The 500 hPa height field). 
 

  In the gulf-stream, U ~ 100 cms-1 and the characteristic horizontal scale L ~ 
100 km. Here R0 ~ 0.07 and qualifies as large-scale motion. 
 

 Consider a tornado – which has a typical tangential velocity say 30 ms-1 at a 
distance of 300 m from the center of the vortex. It turns out to be high 
Rossby number flow (R0 ~ 700). 

Scale analysis: Synoptic systems 
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Element Typical value Magnitude 
U, V  (horizontal velocity) 10-20 m s-1 101 

W (vertical velocity) 1 cm s-1 10-2 

L  (length, distance scale) 1000 km 106 

H (depth, height scale) 10 km (depth of troposphere) 104 

Horizontal pressure change 10-20 hPa 103 

Vertical pressure change 1000 hPa 105 

Time (L/U) 27 hours 105 

ρ  (density) 1 kg m-3 100 

g (gravity) 9.8 m s-2 101 

Ω  (angular velocity) 7.292 × 10-5 s-1 10-4 

Balanced Flows 
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 If we incorporate a small number of approximations, or 
idealizations, we can gain a qualitative understanding of the 
horizontal balance of forces in the ocean and atmosphere. 
 

 The hydrostatic balance (vertical), which assumes that friction 
and coriolis forces have negligible effects, has only a 0.01% 
error when applied to synoptic scale motions. 
 

 Horizontal errors are somewhat larger, but still small enough to 
allow application to a large number of cases 



Geostrophic Balance 

Bhupendra-Lectures-FTC-192 43 2022 

 For mid-latitude synoptic scale 
disturbances, the Coriolis force and 
the pressure gradient force are in 
approximate balance. 

 
 The geostrophic balance is a 

diagnostic expression which gives an 
approximate relationship between the 
pressure field and horizontal velocity 
in synoptic scale systems for the mid-
latitudes 

 
 Geostrophic flow is parallel to the 

isobars 
 
 It is only a diagnostic relation and 

cannot be used to predict the 
evolution of the velocity field 

Gradient  Balance 
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Cyclostrophic Balance 
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The flow must be frictionless, always parallel to the height 
contours, and the scale of the flow is either small in scale or 
near the equator, where the coriolis force is essentially zero. 

Inertial Balance 
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 Inertial flow is not one of the more commonly seen flows in 
the atmosphere, yet it does exist. The inertial wind results 
from the balance of centrifugal and coriolis force when there is 
negligible pressure gradient force: 
 

   V = -f Rc 

 
 Inertial flows are also known as  
inertial oscillations, since air parcels  
under the influence of inertial balance  
follow circular paths. 

 
The only situations where inertial flow may be observed are in 

the center of large anti-cyclones or cyclones, where pressure 
gradients are very weak. 

Balanced Flow: Summary 
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Centrifugal force PGF Coriolis force Balanced flow 

   * * Geostrophic 

*   * Cyclostrophic 

*   * * Gradient 

* * Inertial 

Thermal wind 
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 It results due to vertical shear in the geostrophic wind in the 
presence of horizontal temperature gradient 



Thermal wind 
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A horizontal thermal gradient creates a PGF at upper levels.  As you increase in altitude,  the pressure gradient between the 

warm column and the cool column increase. As the PGF increases the magnitude of the wind will increase and so will 

the Coriolis force (geostrophic winds - looking at an arrow pointing into away from us - into the image).

The vertical change in geostrophic wind is called the geostrophic vertical shear. Since the geostrophic vertical 

shear is directly proportional to the horizontal temperature gradient, it is also called the Thermal Wind.

Thermal wind is not an actual wind,  but a the difference between two winds at different levels.

 Remember this thumb rule for thermal wind balance: 

 Zonal wind shear (vertical) is proportional to (horizontal) meridional TG. 

 Meridional wind shear (vertical) is proportional to (horizontal) zonal TG. 

Thermal wind 
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Thermal wind 
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Thermal wind 
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 The thermal wind equation provides useful diagnostic tool for checking analyses 
of the observed wind and temperature fields for consistency. It can also be used 
to estimate the mean horizontal temperature advection in a layer 

Barotropic and Baroclinic atmosphere 
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Barotropic and Baroclinic atmosphere 
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Barotropic and Baroclinic atmosphere 
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 As in the Barotropic atmosphere, the density depends only on the 
pressure, ρ = ρ(p), so that isobaric surfaces are also surfaces of 
constant density. 
 

 If the atmosphere is Barotropic, then for an ideal gas, the isobaric 
surfaces will also be isothermal, thus, ∇p .T = 0 
 

 Consider the thermal wind equation   and using  
      
     ∇p .T = 0, it reduces to ∂Vg/∂ln p = 0, implying that geostrophic   
     wind is independent of height in a Barotropic atmosphere.  

 
 Thus, Barotropy provides a very strong constraint on the motions 

in a rotating fluid; i.e. the large-scale motion can depend only on 
horizontal position and time, not on height. 

Barotropic and Baroclinic atmosphere 
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Barotropic and Baroclinic atmosphere 
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 An atmosphere in which density depends on both the temperature 
and the pressure, ρ = ρ (p, T), is referred to as a Baroclinic 
atmosphere.  
 

 In a Baroclinic atmosphere, the geostrophic wind generally has 
vertical shear, and this shear is related to the horizontal 
temperature gradient by the thermal wind equation:  
 
 
 

 Obviously, the Baroclinic atmosphere is of primary importance in 
dynamic meteorology.  
 

 However, much can be learned by study of the simpler Barotropic 
atmosphere. 

Barotropic and Baroclinic atmosphere 
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Circulation and Vorticity 
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Circulation and Vorticity 
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Circulation theorems and application 



Circulation and Vorticity 
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Circulation theorems and application 

Circulation and Vorticity 
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Circulation theorems and application 

Circulation and Vorticity 
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Circulation theorems and application 

Circulation and Vorticity 

Bhupendra-Lectures-FTC-192 64 2022 

Circulation and Vorticity 
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Circulation and Vorticity 

Bhupendra-Lectures-FTC-192 66 2022 



Bhupendra-Lectures-IITM-JRF-2021 67 2021 

End of Lecture - 03 

Dynamic Meteorology 

Bhupendra-Lectures-FTC-192 6
8 

2022 

Bhupendra Bahadur Singh 
Scientist E 

Centre for Climate Change Research 
Indian Institute of Tropical Meteorology, Pune 

 
Email ID: bhupendra.cat@tropmet.res.in 

Lecture - 04 
 

[Tuesday, 2022-XX-XX] 

Circulation and Vorticity 
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Circulation and Vorticity 
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◄Differentiating the zonal and meridional  
momentum equations  

Circulation and Vorticity 
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The equation above states that the rate of change of the absolute 
vorticity following the motion is given by the sum of the three 
terms on the right, called the divergence term, the tilting or 
twisting term, and the solenoidal term, respectively. 
 

The concentration or dilution of vorticity by the divergence field 
(the first term on the right) is the fluid analog of the change in 
angular velocity resulting from a change in the moment of inertia of 
a solid body when angular momentum is conserved.  
 

 If the horizontal flow is divergent, the area enclosed by a chain of 
fluid parcels will increase with time and if circulation is to be  
conserved, the average absolute vorticity of the enclosed fluid 
must decrease (i.e., the vorticity will be diluted). 

Circulation and Vorticity 
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 If, however, the flow is convergent, the area enclosed by a chain of 
fluid parcels will decrease with time and the vorticity will be 
concentrated. This mechanism for changing vorticity following the 
motion is very important in synoptic-scale disturbances. 
 

The second term represents vertical vorticity generated by the 
tilting of horizontally oriented components of vorticity into the 
vertical by a non-uniform vertical motion field.  
 

The figure shows a region where the y component  
of velocity is increasing with height so that there is a  
component of shear vorticity oriented in the negative  
x direction as indicated by the double arrow. 



Circulation and Vorticity 

Bhupendra-Lectures-FTC-192 73 2022 

 If at the same time there is a vertical motion field in which w 
decreases with increasing x, advection by the vertical motion will 
tend to tilt the vorticity vector initially oriented parallel to x so that 
it has a component in the vertical. Thus, if ∂v/∂z > 0 and ∂w/∂x < 0, 
there will be a generation of positive vertical vorticity. 
 

 Finally, the third term on the right is just the microscopic equivalent 
of the solenoidal term in the circulation theorem. 

Circulation and Vorticity 
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Circulation and Vorticity 
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Circulation and Vorticity 
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Scale Analysis of Vorticity Equation 
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∂ζ/∂t + u*∂ζ/∂x + v*∂ζ/∂y + w*∂ζ/∂z + (ζ + f)*(∂u/∂x + ∂v/∂y) + 
(∂w/∂x*∂v/∂z − ∂w/∂y*∂u/∂z) + v*df/dy = 1/ρ2*(∂ρ/∂x * ∂p/∂y − ∂ρ/∂y * 
∂p/∂x) 
 Consider a mid-latitude synoptic system with scale as follows: 

                                    
                       Therefore: 

 
 

                        and: 
 

 
 

 For mid-latitude synoptic-scale systems, the relative vorticity (ζ ) is often 
small compared to the planetary vorticity (f) where ζ may be neglected 
compared to f in the divergence term in the vorticity equation: 

Scale Analysis of Vorticity Equation 

Bhupendra-Lectures-FTC-192 78 2022 

∂ζ/∂t + u*∂ζ/∂x + v*∂ζ/∂y + w*∂ζ/∂z + (ζ + f)*(∂u/∂x + ∂v/∂y) + 
(∂w/∂x*∂v/∂z − ∂w/∂y*∂u/∂z) + v*df/dy = 1/ρ2*(∂ρ/∂x * ∂p/∂y − ∂ρ/∂y * 
∂p/∂x) 
 
 The magnitudes of the various terms in the equation above can be 

estimated as: 



Scale Analysis of Vorticity Equation 
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Natural Coordinates 

Bhupendra-Lectures-FTC-192 80 2022 

 The natural coordinate system is defined by the orthogonal set of unit 
vectors t, n, and k.  
 

 Unit vector t is oriented parallel to the horizontal velocity at each point; 
unit vector n is normal to the horizontal velocity and is oriented so that it 
is positive to the left of the flow direction; and unit vector k is directed 
vertically upward.  
 

 In this system the horizontal velocity may be written V = V t where V , the 
horizontal speed, is a nonnegative scalar defined by V ≡ Ds/Dt,  

    where s(x, y, t) is the distance along the curve followed by a parcel moving     
    in the horizontal plane.  
 
 The acceleration following the motion is thus: 

Natural Coordinates 
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 The rate of change of t following the motion may be derived from 
geometrical considerations with the aid of the following figure: 
 
 
 
 

 Here R is the radius of curvature  
following the parcel motion, and we  
have used the fact that |t| = 1.  
By convention, R is taken to be positive  
when the center of curvature is in the  
positive n direction.  
 
 Thus, for R > 0, the air parcels turn toward the left following the motion, 

and for R < 0 the air parcels turn toward the right following the motion. 

Natural Coordinates 
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 Noting that in the limit δs → 0, δt is directed parallel to n, the above 
relationship yields Dt/Ds = n/R. Thus, 
 
 
 

 
 

 Therefore, the acceleration following the motion is the sum of the rate of 
change of speed of the air parcel and its centripetal acceleration due to 
the curvature of the trajectory.  
 

 Because the Coriolis force always acts normal to the direction of motion, 
its natural coordinate form is simply: 
 

 Whereas the pressure gradient force can be expressed as: 

Natural Coordinates 
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 The horizontal momentum equation may thus be expanded into the 
following component equations in the natural coordinate system: 
 

 These two equation express the force balances  
parallel to and normal to the direction of flow,  
respectively.  
 

 For motion parallel to the geopotential height contours, ∂φ/∂s = 0 and 
the speed is constant following the motion.  
 

 If, in addition, the geopotential gradient normal to the direction of 
motion is constant along a trajectory, the second equation also implies 
that the radius of curvature of the trajectory is also constant.  
 

 In that case, the flow can be classified into several simple categories 
depending on the relative contributions of the three terms in the second 
equation to the net force balance. 

Potential vorticity 
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Potential vorticity 
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Potential vorticity 
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Potential vorticity 
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Exercises 

Bhupendra-Lectures-FTC-192 88 2022 

1. What would be length and time scales when you perform scale analysis 
for the these three specific phenomena: 
 
 
 
 
 
 
 
 

2. Whether cyclone formation takes place near the equator, why? 
 

3. Can the Coriolis force change the magnitude of the wind velocity? 
 

4. In general why wind does not move upward despite a strong pressure 
gradient in the vertical direction? 
 

5. Write the momentum equation of a body of mass m moving with a 
variable velocity “V” in a rotating coordinate system 
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